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AB ST RACT 

I n  a p r e v i o u s  memorandum (TM 67-2034-7) an  approximate  
ave rage  power spectrum was d e r i v e d  f o r  t h e  r e sponse  o f  a n  i d e a l  
l imiter - phase  d e t e c t o r  - v ideo  f i l t e r  cascade  as a f u n c t i o n  
o f  t h e  s i g n a l - t o - n o i s e  power r a t i o  (SNR)  a t  t h e  l i m i t e r  i n p u t .  
The i n p u t  t o  t h e  l imi te r  was assumed t o  be  t h e  sum o f  a phase  
modulated s i n u s o i d  and a s t a t i o n a r y  g a u s s i a n  n o i s e .  A complete  
s o l u t i o n  i s  g i v e n  i n  t h e  p r e s e n t  work f o r  t h e  r e sponse  spectrum 
of  a b a n d p a s s z e r o  memory - n o n l i n e a r i t y  i n  cascade  w i t h  a phase 
d e t e c t o r .  The o u t p u t  power spectrum of  any bandpass  f i l t e r  
f o l l o w i n g  t h i s  cascade  i s  de termined .  I n  p a r t i c u l a r ,  t h e  S N R  
can be found a t  t he  o u t p u t  o f  any f i l t e r  t ha t  passes the  power 
spectrum i n  a zone around a harmonic o f  t h e  s i g n a l  c a r r i e r  
f requency .  When a video f i l t e r  fnllnws t h e  phase d e t e c t ~ r  
and t h e  n o n l i n e a r i t y  i s  the  i d e a l  l i m i t e r ,  t h e  complete s o l u t i o n  
i s  o b t a i n e d  f o r  t h e  problem cons ide red  i n  TM-67-2034-7. Some 
examples are p r e s e n t e d  of modulat ions f c r  which t h e  phase 
d e t e c t o r  response  has an average  power spectrum. These are 
(1) b i p h a s e ,  ( 2 )  s i n u s o i d  w i t h  un i formly  d i s t r i b u t e d  random 
i n i t i a l  phase,  and ( 3 )  t he  s t a t i o n a r y  g a u s s i a n  p r o c e s s .  
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INTRODUCTION 

The ma themat i ca l  model used  t o  p r e d i c t  communication 
performance f o r  t h e  Apollo Un i f i ed  S-Band System was d e f i n e d  
by Mr. J .  D.  H i l l  i n  t he  Bellcomm T e c h n i c a l  Memorandum TM #65- 
2021-3 .  P o r t i o n s  o f  t h i s  model have been q u e s t i o n e d  because  
o f  t h e  l a c k  o f  c o r r e l a t i o n  between l a b o r a t o r y  measurements 
and t h e  p r e d i c t e d  performance g e n e r a t e d  from t h e  model. An 
area o f  t h e  model t h a t  i s  f r e q u e n t l y  q u e s t i o n e d  i s  t h e  t r e a t -  
ment o f  t h e  performance o f  the bandpass  l i m i t e r  - phase d e t e c t o r  
v i d e o  f i l t e r  cascade  shown i n  F i g u r e  (1). This cascade e x i s t s  
i n  b o t h  t h e  ground and  s p a c e c r a f t  r e c e i v e r s  of t h e  Apol lo  USB 
System. 

An approximate  s o l u t i o n  i s  known for t h e  o u t p u t  
power spectrum S z ( w )  of t h e  cascade  i n  F i g u r e  (1) as a f u n c t i o n  

T h i s  d e r i v a t i o n  o f  S z ( w )  ho lds  f o r  t h e  s i g n a l  
of  t h e  s i g n a l - t o - n o i s e  power r a t i o  (SNR) i n t o  t h e  l i m i t e r .  (1) 

r.!hPre P and w are  C G i l S t a i i t s ,  e ( t i  i s  a member o f  a c l a s s  of 
random p r o c e s s  phase modula t ions ,  and + c  i s  a random v a r i a b l e  

C 

Reference  
S in (wc t++ , )  

F i g u r e  1. Cascade of A Bandpass L i m i t e r  - Phase D e t e c t o r  - Video 
F i l t e r  
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r e p r e s e n t i n g  t h e  i n i t i a l  c a r r i e r  phase .  
i s  assumed to b e  e q u a l l y  p robab le  i n  t h e  i n t e r v a l  [ O , ~ I T ]  w i t h  
p r o b a b i l i t y  d e n s i t y  1 / 2 7 ~ .  The s i g n a l s  c o n s i d e r e d  a re  nar -  
row band l i m i t e d  p r o c e s s e s .  The bandpass  f i l t e r s  are cor -  
r e s p o n d i n g l y  narrow bandpass a round w c ,  and are  symmetrical 
about  w c .  

f i l t e r  i s  s u p e r f l u o u s  i n  d e r i v i n g  S z ( w ) .  

The c a r r i e r  r e f e r e n c e  $ c  

With t h e s e  r e s t r i c t i o n s  t h e  p o s t - l i m i t e r  bandpass  

I n  t h i s  memorandum t h e  complete  s o l u t i o n  for S z ( w )  

i n  r e f e r e n c e  1 i s  o b t a i n e d  as a s p e c i a l  c a s e  o f  a more g e n e r a l  
s y s t e m  a n a l y s i s .  A s o l u t i o n  i s  g i v e n  for t h e  complete  power 
spec t rum o f  w ( t >  i n  F i g u r e  2 as a f u n c t i o n  of t h e  S N R  i n t o  t h e  
ze ro  memory n o n l i n e a r i t y  g(X> when the  s i g n a l  i s  s(t) i n  
e q u a t i o n  (1) and n ( t >  i s  a s t a t i o n a r y  g a u s s i a n  p r o c e s s  w i t h  

z e r o  mean and v a r i a n c e  IJ . 2 

Ref ere nc e 
S i n ( w c t + $ c )  

F i g u r e  2 .  Cascade o f  Bandpass N o n l i n e a r i t y  and Phase D e t e c t o r  

For  t h e  cascade  i n  F i g u r e  1 t h e  n o n l i n e a r i t y  i s  

+ E  when x>O 
0 when x=O c - L  when x < O  g ( x )  = E(x)  = 

L 

where x = s+n.  

The spectrum S w ( w )  i s  found as t h e  F o u r i e r  t r a n s f o r m  

f u n c t i o n  R w ( t l , t 2 )  when t h e  l a t t e r  i s  a o f  t h e  a u t o c o r r e l a t i o n  
f u n c t i o n  on ly  of  t h e  t i m e  d i f f e r e n c e  ‘I = t2-tl. The t i m e  
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independence  of Rla i s  a f u n c t i o n  o f  8 ( t ) .  
of S Z ( w )  i n  r e f e r e n c e  (I), t h e r e  are some i m p o r t a n t  c a s e s  o f  
6 ( t )  f o r  which Sw(w) e x i s t s .  

I f  t h e  n o n l i n e a r i t y  has  a narrow band- l imi ted  i n p u t  
x ( t ) ,  t h e  spectrum Sw(w) i s  l i m i t e d  to narrow bands a round t h e  

o f  Sw(w) co r re spond ing  t o  p=O when g ( x )  = R(x) i n  F i g u r e  ( 2 ) .  

A s  i n  t h e  d e r i v a t i o n  

f r e q u e n c i e s  - + pwc where p=O,1,2,... . Then S z ( w )  i s  t h e  p a r t  

DISCUSSION 

D e r i v a t i o n  o f  R w ( ~ )  and S z ( w )  

The a n a l y s i s  i s  based on t h e  t r a n s f o r m  r e p r e s e n t a t i o n  
o f  a zero-memory n o n l i n e a r i t y .  ‘ 2 )  A t r a n s f o r m  p a i r  i s  d e f i n e d  b y  

By d e f i n i t i o n  

where E{ 1 deno tes  t h e  e x p e c t a t i o n  t a k e n  w i t h  r e s p e c t  to 
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e ( t )  and n ( t ) .  
0 ,  n and 

Throughout t h e  development ,  it i s  assumed t h a t  
are j o i n t l y  s t a t i s t i c a l l y  independen t .  

For t h e  symmetr ica l  f i l t e r  abou t  w e  t h e  a u t o c o r r e l a t i o n  
f u n c t i o n  of  n ( t >  i s  R n ( . c )  = R v ( r >  cos  W ~ T  where v ( t )  i s  a low 
pass random f u n c t i o n .  S ince  n ( t )  i s  s t a t i o n a r y  g a u s s i a n  w i t h  
v a r i a n c e  R v ( 0 )  = u 2 , 

where E{ 1 i s  t h e  e x p e c t a t i o n  w i t h  r e s p e c t  to n. (3) 

WZth t h e  s u b s t i t u t i o n  o f  (4) and (6) i n t o  ( 5 )  t h e  
i d e n t i t y  ( 4 )  

m 

expCa cos  2 3  = E m  Im(a)  cos  m z  
m=O 

1, m=O 
E =  

TI 
L2, m=1,2,3, . . . 

( 7 )  

?lives R w ( t l , t 2 ) .  The complete r e s u l t  i s  
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W m rn ., r 

w h e r e  6 = w T 
C 

~ = 2 q t m  

a = m - p + l  

B = m -  P - 1  

y = m + p + i  

S = m + p - 1  
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For each  p a i r  o f  i n t e g e r s  (r,k), h i s  a c o n s t a n t  g i v e n  by 
r , k  

2 2  

* w k I r ( w P ) d w  
o w  

= -  f ( d e  r , k  2 n j  h ( 9 )  
C 

The d e t a i l s  of the  d e r i v a t i o n  o f  (8 )  are i n  Appendix A - I .  

I n  e q u a t i o n  ( 8 )  there  are  t h r e e  key f a c t o r s .  'i'hese 
are : 

1. 

2.  

3. 

R " ( T ) ,  t h e  a u t o c o r r e l a t i o n  f u n c t i o n  o f  t h e  lowpass  
e q u i v a l e n t  p r o c e s s  f o r  n ( t ) ,  

a c o n s t a n t  f o r  each  p a i r  o f  i n t e g e r s  ( r , k )  t h a t  h r , k 9  
i s  de termined  by  t h e  form o f  g ( x )  and t h e  i n p u t  SNR 
to t h e  n o n l i n e a r i t y ,  and 

t h e  e x p e c t a t i o n  w i t h  r e s p e c t  to 8 

where A ,  B and p are i n t e g e r s .  
o f  t i m e ,  t h e  f u n c t i o n  R w ( t , , t 2 )  depends only  on T i f  ( 1 0 )  

has t h i s  p r o p e r t y .  

S i n c e  R v  i s  independent  

Some impor t an t  ca ses  o f  e ( t )  f o r  which ( 1 0 )  i s  t i m e  
independent  are l i s t e d  below. Equa t ion  (10) i s  d e r i v e d  f o r  each  
c a s e  i n  Appendix 11. 

The b i p h a s e  waveform e ( t )  = 2 1 0 1  where t h e  mean i s  z e r o  
arid the auto c o r r e l a t i o n  f u n c t i o n  I s "  

1. 
( 5 )  

and z e r o  f o r  a l l  > T .  For t h i s  c a s e  ( 1 0 )  i s  g i v e n  
by (A-20). 
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e ( t )  = mlsin(wlt+c)  ( 1 2 )  

where 5 i s  a random v a r i a b l e  w i t h  a uniform p r o b a b i l i t y  
d e n s i t y  on [ 0 , 2 l I l .  I n  t h i s  c a s e  (10) i s  g i v e n  i n  ( A - 2 1 ) .  

3. The s t a t i o n a r y  g a u s s i a n  p r o c e s s  w i t h  z e r o  mean and 
v a r i a n c e  a * .  F o r  t h i s  modula t ion  ( 1 0 )  i s  g i v e n  i n  ( A - 2 4 ) .  

When (10) depends on ly  on T f o r  i n t e g e r s  A ,  B and p y  
S w ( w )  i s  t h e  i n f i n i t e  sum of terms of t h e  t y p e  

where F deno tes  t h e  F o u r i e r  t r a n s f o r m  w i t h  r e s p e c t  t o  T and ( * )  
i s  t h e  convo lu t ion  o f  t h e  two f requency  s p e c t r a .  

I n  Appendix A - I 1  i t  i s  shown t h a t  E(cos[ABl-BB211 
depends on ly  on T and t h a t  E(sin[Ael-Be2]} i s  z e r o  f o r  t h e  t h ree  

modula t ion  c a s e s  p r e s e n t e d  above. For each  c a s e ,  S W ( w )  i s  g i v e n  
by (A-25) .  The spectrum i s  an i n f i n i t e  sum of  te rms  w i t h  t h e  
form 

where 

for any  p a i r  of i n t e g e r s  A arid B.  
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I n  (13) t h e  spectrum F [ R i ]  i s  a r e s u l t  o f  t h e  n o i s e  
n ( t ) .  Then any term of t h e  form (13)  i n  ( 8 )  w i t h  u i0  i s  a n  
i n t e r f e rence  t e r m .  For t h e  f i r s t  sum i n  (8), t he  R v  ('1 term i s  

2 h2  l , o  E{sin01sin021 (15)  

For  t h e  second sum i n  ( 8 ) ,  t h e  R v  ( O )  terms occur  when 2q+m = 0 
where q > 0 and m i: 0.  These terms a re  - 

n 

T h e  t e r m  (15) and some of t h o s e  i n  (16) are  " s i g n a l "  terms. Not 
a l l  terms o f  (16) can b e  c a l l e d  s i g n a l  te rms  s i n c e  some o f  these  
are  i n t e r m o d u l a t i o n .  The s i g n a l  term (15) appea r s  a t  t h e  o u t p u t  
of t h e  v i d e o  f i l t e r  i n  F igure  (1). The s i g n a l  components i n  (16) 
e x i s t  around i n t e g e r  m u l t i p l e s  o f  t h e  c a r r i e r  w C  and can be 

obtair?eC? w i t h  a baridpass T i i t e r a  i n s t e a d  o f  t h e  v i d e o  f i l t e r  f o l -  
lowing t h e  phase d e t e c t o r  i n  F i g u r e  (1). 

The f u n c t i o n  R z ( t l , t 2 )  i s  found f o r  t h e  system i n  
F i g u r e  (1) by t a k i n g  only  t h e  p=O term of  e q u a t i o n  ( 8 ) .  When 0 
i s  such  t h a t  R , ( t l , t 2 )  = RZh) t h e  complete  spectrum o f  z i s  
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where a = m+l, b = m - 1 ,  u = 2q+m, 

and 

The h-Parameters When g ( x >  = k ( x >  

When g ( x )  i s  t h e  i d e a l  l i m i t e r ,  e q u a t i o n  ( 9 )  has a 
c l o s e d  form s o l u t i o n  i n  terms 05 t h e  mod i f i ed  B e s s e l  f u n c t i o n s  
10 (x /2 )  and 11(x/2) where x = P / 202  i s  t h e  i n p u t  SNR t o  t h e  

l i m i t e r .  (6) 
From t h e  e n t r i e s  i n  Tab le  1 any h pa rame te r  i n  e q u a t i o n  ( 8 )  c a n  
be found w i t h  t h e  r e c u r s i o n  r e l a t i o n s h i p s  A-30, A - 3 1  and A-32. 

I n  T a b l e  1, t h e  lower  o r d e r  h pa rame te r s  are  g i v e n .  
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2 

1 

- 

3 

0 

2 

4 

1 

- 

I 

-RP -x/2 
e [10(x/2) - 11(x/2)] 

a a  3 

-RP .-x/2 
&a 3 iIo(x/2) - [I + ;) Il(X/2)i 

-47% .-x/2 [(l-x)Io(x/2) + XIl(X/2)i 
&a 3 J 

RP2 e -x/2 [10(x/2) - (1 -k ;) 11(x/2)J 
6 u  5 

1 2 
- &  [(l + x + - I (x/2) - 11 t 1) 10(x/2) e I:) 1 3 i  m05 X 1 

I 

Table 1. Closed Form S o l u t i o n s  of h 
r, k 

PI 
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Conclus ions  and Remarks 

A g e n e r a l  second o r d e r  s t a t i s t i c a l  a n a l y s i s  i s  
p r e s e n t e d  f o r  t h e  cascade  of a narrow bandpass  n o n l i n e a r i t y  
and an  i d e a l  phase  d e t e c t o r .  I n  t h i s  a n a l y s i s ,  t h e  i n p u t  
to t h e  n o n l i n e a r i t y  i s  assumed to be  t h e  sum o f  a s t a t i o n a r y  
g a u s s i a n  n o i s e  and a f i x e d  ampl i tude  phase modulated s i n e  
wave. The a u t o c o r r e l a t i o n  f u n c t i o n  of t h e  cascade  r e s p o n s e  
i s  o b t a i n e d  as a f u n c t i o n  of t h e  s i g n a l - t o - n o i s e  r a t i o  x a t  
t h e  n o n l i n e a r i t y  i n p u t ,  t h e  normal ized  a u t o c o r r e l a t i o n  func-  
t i o n  of t h e  lowpass e q u i v a l e n t  for t h e  n o n l i n e a r i t y  i n p u t  
n o i s e , r v ( T ) ;  and t h e  phase modula t ion  e ( t ) .  

a u t o c o r r e c t i o n  f u n c t i o n  Rw(t,,t2) t h a t  i s  t i m e  dependent .  
However, f o r  some impor t an t  cases of  e ( t ) ,  R w ( t  
and t h e  cascade  r e sponse  has the  ave rage  power spec t rum 
Sw(w) = F [ R w ( r ) ]  where F i s  the F o u r i e r  t r a n s f o r m  o p e r a t i o n  
w i t h  r e s p e c t  t o  T .  The c a s e s  of d t )  c o n s i d e r e d  that  y i e l d  
R W ( ~ )  are t h e  random b i p h a s e  waveform 
t o n e  e ( t )  = mlsin(wlt+S),  and t h e  s t a t i o n a r y  g a u s s i a n  p r o c e s s  
w i t h  a u t o c o r r e l a t i o n  f u n c t i o n  K , ( T )  and z e r o  mean. 

I n  g e n e r a l ,  t h e  cascade  r e s p o n s e  w ( t )  has t h e  

t ) = R w ( . r ) ,  1' 2 

e =  - + 18 1 ,  t h e  s i n g l e  

The dependence o f  R w ( t l , t 2 )  on t he  n o n l i n e a r i t y  i n p u t  
SNR x appears i n  t h e  h p a r a m e t e r s .  These parameters can  be  
o b t a i n e d  i n  c l o s e d  form as f u n c t i o n s  o f  t h e  mod i f i ed  Bessel 
f u n c t i o n s  Io(&) and I ( x  . The lower  o r d e r  h parameters 
encoun te red  i n  t h e  f i r s t  few terms of' t h e  se r ies  f o r  Rw were 
found,  and r e c u r r e n c e  r e l a t i o n s  were d e r i v e d  w i t h  which 
h i g h e r  o r d e r  h pa rame te r s  f o l l o w  e a s i l y .  

2 1 7) 

For  t h e  modula t ion  t y p e s  t h a t  make Rw a f u n c t i o n  of 
T a l o n e  the  power spectrum Sw(w) i s  known f o r  a l l  v a l u e s  o f  
t h e  i n p u t  SNR x i n t o  t h e  n o n l i n e a r i t y .  T h i s  spectrum c o n s i s t s  

each  zone the re  are three  t y p e s  o f  t e r m s ;  s i g n a l  n o i s e ,  and 
i n t e r m o d u l a t i o n .  I n  any f requency  band a t  t h e  o u t p u t  of  t h e  
phase d e t e c t o r  i n  F igu re  2 ,  t h e  SNR can b e  de te rmined  f o r  any 
v a l u e  of x i n t o  t h e  n o n l i n e a r i t y .  
F i g u r e  (1) i s  j u s t  t h e  low-pass p a r t  o f  S w ( w )  co r re spond ing  
to n=O The complete s p e c t r a  for w ( t >  and z ( t )  are  o b t a i n e d  

o f  s p e c t r a l  zones around r?wc  where n = 0, 1: 3 ,  . . /  In 

The spec t rum S z ( w )  f o r  
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i n  t h e  p r e s e n t  work as i n f i n i t e  s e r i e s ,  b u t  i n  any n u m e r i c a l  
c a l c u l a t i o n s  such  as t h e  computat ion o f  o u t p u t  S N R ,  i t  i s  
n e c e s s a r y  t o  l i m i t  the i n f i n i t e  se r ies  r e p r e s e n t a t i o n s  f o r  Sw 
o r  Sz t o  a f i n i t e  number of terms. Usua l ly  on ly  a modest 
number o f  terms f o r  Sw o r  Sz a re  n e c e s s a r y  t o  g i v e  a good a p p r o x i -  
mat ion  to e i t h e r  spec t rum i n  any f i n i t e  o u t p u t  f r equency  band- 
wid th .  

20 34-WDW- j r 
Attachments  
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A P P E N D I X  I 

D E R I V A T I O N  OF Rw(tl,t2) I N  E Q U A T I O N  (8) 

For  t h e  a n a l y s i s ,  t h e  i n p u t  x ( t >  to t h e  n o n l i n e a r i t y  
i n  F i g u r e  ( 2 )  i s  assumed t o  be  narrowband l i m i t e d  by  t h e  sym- 
m e t r i c a l  bandpass  f i l t e r  w i t h  c e n t e r  f r equency  w n .  The Lap lace  
t r a n s f o r m  s o l u t i o n  o f  a z e r o  memory n o n l i n e a r i t y  CI w i t h  s t o c h a s t i c  

e x c i t a t i o n  i s  used t o  der ive  Rw(tl,t2). ( 7 )  
g ( x )  i s  g i v e n  by 

The n o n l i n e a r i t y  

where 

and 

The v a r i a b l e  w = u + j v  i s  complex w i t h  Re[@] = u.  
C+ and C 
R e [ @ ]  > 0 f o r  C, and R e [ @ ]  < 0 f o r  C . 
i s  w r i t t e n  as 

The c o n t o u r s  
are t a k e n  p a r a l l e l  to t h e  v-axis  i n  t h e  o-plane with - 

For  convenience  (A-1) - 
(A-2) 
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dwldw2 ( A - 3 )  
y 2 + 9 n 2  

s i n ( w c t 2  + $1  e 

where s a  = s ( t i )  and ni = n ( t , ) ,  i=1,2. 
i n t e g r a t i o n  and t h e  e x p e c t a t i o n  operation have  been i n t e r c h a n g e &  
t o  5;et (A-3). Fo r  t h e  as.;umed s t a t i s t i c a l  independence of n ( t ) ,  
e ( t )  anC 0, t h e  expec ted  va lue  i n  ( A - 3 )  f a c t o r s  i n t o  

The o r d e r  o f  complex 
I 

where T = t2-tl. The f o m ~  f o r  t h e  c r o s s  c o r r e l a t i o n  I'urLczicm 
U P  

E{ewl"' e * e2] where n ( t )  is s t a t i o n a . r y  g a ~ s s i a n ' ~ )  has been 
used in ( A - 4 ) .  

For  t h e  cast: where s C t )  is narrow band- l imi ted  w i t h  
r e s p e c t  to w c ,  t h e  f i l t e r  J n  Figure (2) i s  narrow bandpass  
am? i s  assumed t o  be symrnetr4icnl about  t o c .  Then n(t) can  b e  
w r i t t e n  a e  ( 8 )  

n ( t )  = xc cos  (11 t - x s i n  w c t  
C S ( A - 5 )  
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where xc and xs are s t a t i s t i c a l l y  independen t  s t a t i o n a r y  g a u s s i a n  
random p r o c e s s e s ;  and 

( A - 6 )  

where R v (  T )  = Rx ( T) = R 

t he  t r a n s f o m  of  R " ( T )  i s  lowpass w i t h  a narrow bandwidth compared 

(T) . F o r  a narrow bandpass  I F  f i l t e r  
C xS 

t o  w c .  

With t h e  s u b s t i t u t i o n  of  

- e  e j6* 
2 j  

s i n  (9" = 

( A - 7 )  

( A - 3 )  becomes 



Here 6 = W ~ T ,  and the  e x p e c t a t i o n  E i s  w i t h  r e s p e c t  t o  +* and 8. 

The f u n c t i o n  h (  6,u1,w2) i s  p e r i o d i c  i n  6 w i t h  p e r i o d  
2n.  The e x p o n e n t i a l  Fbur i e r  se r ies  r e p r e s e n t a t i o n  o f  h i s  

where 

Then 

and s i n c e  o *  has a uniform p r o b a b i l i t y  d e n s i t y  f u n c t i o n  on 
[0,2a] i f  $I has t h i s  d e n s i t y  f u n c t i o n ,  
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j (m-p-1tk)Stj (-2+r+k)$*tj (r01+ke2) 
t e  

J(m-ptltk)s+j(r+k)$*+j(reltke2) 

j (m-p-ltk)S+j (r+k)$*+j ( ~ 0 ~ 9 k 0 ~ )  I} - e  

(A-10) 
- e  

There are four terms t o  consider in (A-10). The f i r s t  term 
integrates t o  zero unless 

The second term is zero unless 

k = - m t l t p  - and r = m t l - p  

The third term is zero unless 

k = p - m - 1  - and r = - p + m + l  

Finally the fourth term is z e r o  unless 

k = p - m t l a n d  - r = m - p - 1  
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Then in ( A - 8 )  

(A-11) 
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Consider,ng the composition of the double sum in 
equation (A-11) , 

-1 -1 

(A-12) 

wherez 

Since I-k = I+k the double sum corresponding to (p>O, m>O) can 
be combined with the double sum corresponding to (p<O, m>O). 
Similarly, the double sum corresponding to (p<O, m>O) can be 
combined with the double sum corresponding to (p>O, m<O). 
The combination of the series f o r  (p>O, m>O) and (pc0, m < O )  gives 

denotes the term corresponding t o  p=O and m=O, 
p=O m=O 

( A - 1 3 )  

where a = m - p f 1 and $ = m - p - 1. The combination of the 
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ser ies  f o r  (pco ,  m > O )  and (p>O, me02 g i v e s  

(A-14) 

where y = m + p t 1 and 5 = m + p - 1. 
ser ies  for (p=O, m > O )  and (p=O, m < @ )  g i v e s  

The combina t ion  o f  t h e  
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The term cor re spond ing  t o  c m = O ,  p=O) i s  

ECsinels ine21 (A-16) 

The combinat ion o f  t h e  s e r i e s  f o r  (m=O,  ps0) and (m=O,  p<O) g i v e s  

~Ico~[(p+i)e,-(p+l)e~-p~l~ J - Ip+l,11p+l,2 

m+2q R m t 2 q  
@2 V 

q! ( q + m > !  
Im( c ) ~ w ~ R ~  ) = 

q=o 

( A - 1 7 )  

(A-18) 

and 

are s u b s t i t u t e d  i n  ( A - 8 1 ,  e q u a t i o n  ( 8 )  i s  o b t a i n e d  f o r  R , ( t l , t 2 ) .  
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APPENDIX I1 

DERIVATION OF E{cos[AB,-BB,~p6]) 

FOR SOME CASES OF e(t) 

Consider B(t> = 2 I e I ,  a biphase waveform with zero 
mean value and the autocorrelation 
(11). Equation (10) is 

function given in equation 

E { COS [AB l-B 9 * p 6  I 

= COS p 6 E {cos[Ae1-BB21) ; sin p 6 EtsinCAe1-Be21) 

= cos p 6 E'{cosABl-cosBB2! 

+ cos p 6 E isinABl-sinBB21 

- + sin p 6 E IsinAB1*cosBe2) 

2 sin p 6 E {cosABl-sinBe2) (A-19) 

But when B(t) = ?lei, cos A 8 = cosA101, a constant. 

sin A 8 = 

Also 

e sin A 1 8 1 .  Then since E{e) = 0, (10) reduces to le[ 

cos p 6 [cosAlOl cosBle( + sinA 

where re(T) is equation (11) normalized by le 

(A-20) 

2 
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I f  e(t> = mlsin(wlt+5),where 5 is a random variable with 
uniform distribution, two terms combine in (A-19) to give (1) 

cos p 6 E{cosAel cosBe2 + sinAB1 sinBe23 

= cos p 6 f n  E JnCAml) Jn(Bml) cos(nwlr) (A-21) 
n=O 

Since 

m=l n=O 

( Bml sin[ ( 2m-1) ( w lt *+ 5) I 2m- 1 ¶ (A-22) 

and 

Eicos[2n(wltl+S)1 sin[(2m-l)(wlt2+S)]1 = 0 

f o r  any combination o f  m 1 and n 2 0; (A-19) reduces tc (A-21) 
f o r  the single tone modulation. 

When e(t) is a stationary gaussian process with zero 
mean and variance o e ,  2 
equation f o r  the gaussian process (10) 

consider the second order characteristic 
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Since (A-23) is real, (A-19) reduces t o  

COS p 6 Q~CA,B,T) (A-24) 

By considering (A-201, (A-21) and (A-24) i t  is found t h a t  

Then equation (8) reduces to the simpler form 

where Re(A,B,~) = EIcos [Ael-Be2& 
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APPENDIX I11 

THE CLOSED FORM SOLUTION FOR hmIr WHEN g ( x )  = ~ ( x )  

The a u t o c o r r e l a t i o n  f u n c t i o n  of w ( t )  g i v e n  i n  ( 8 )  
c o n t a i n s  t h e  c o n s t a n t s  hrk where r t k  are odd i n t e g e r s .  
i dea l  l i m i t e r  c h a r a c t e r i s t i c  (21, c l o s e d  form s o l u t i o n s  e x i s t  
f o r  these pa rame te r s .  
f - ( o )  = a / w  f o r  R e C w ]  < 0 ,  ( 9 )  becomes 

For t h e  

S i n c e  f t ( w )  = R/o for R e [ w ]  > 0 and  

h r , k  - -21 2 a j  Rw k-l I r ( w P )  exp (q) dw 

c 

(A-26) 

where C 

( t c - j - ,  + E + j - ) .  

t u t i o n  of I r ( z )  = ( j  

a p p l i e d  f o r  r , O  and kL0 t o  g i v e  

i s  t h e  con tour  ( - c - j - ,  - c + j m )  and C, i s  t h e  c o n t o u r  

J r ( j z > ,  a n a l y t i c  c o n t i n u a t i o n  can  b e  

- 
By t h e  change o f  v a r i a b l e  w=jx and t h e  s u b s t i -  

When r t k  i s  even the i n t e g r a n d  o f  (A-27) i s  odd and h - ~ 0 .  
r , k  

When r+k i s  odd t h e  i n t e g r a n d  of  (A-27) i s  even and 



, 
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where a s o l u t i o n  has been used f o r  t h e  i n t e g r a l  

lm xk-l Jr(nP)exp[  -u2x2 ] dx (A-29) 

i n  terms o f  t h e  c o n f l u e n t  hypergeometr ic  f u n c t i o n  lF1ca,B,-x). (11) 

For  t h e  c a s e  when r and k a r e  nonnegat ive  
can be e x p r e s s e d  i n  c l o s e d  fo rm i n  terms o f  f i r s t  and second k i n d  
mod i f i ed  B e s s e l  f u n c t i o n s .  A l i s t  of t h e s e  e x p r e s s i o n s  i s  g i v e n  
by Middle ton .  (12) A c o l l e c t i o n  o f  h 

t h e  i n p u t  s i g n a l - t o - n o i s e  power r a t i o  i n t o  t h e  l i m i t e r .  

i n t e g e r s  F ( Y + ~ ,  7- r+l;-x) 

i n  c l o s e d  form f o r  low 
o r d e r  i n d i c e s  i s  g i v e n  i n  T a b l e  1. For ,k Tab le  1, x = P 2 /202  i s  

If g ( x )  = a ( x ) ,  any o f  t h e  h i n  ( 8 )  can be  found i n  
r , k  

c l o s e d  form from Tab le  1, by u s i n g  the  r e c u r r e n c e  r e l a t i o n s  

(A-30) 4(r+l)r 
+ hr,k-2 

- 2 ( r + l )  

r , k  hr-l, k-1 P2 P = h  h r + 2 , k  

P - (k - r -2 )  
hrtl,k+l U 2 'r-1,k-1 2 r,k - h  - - -  

U 

2 (k-r-2)  r + hr,k-2 
u 2  P 

(A-31) 

and 
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Equa t ion  ( A - 3 0 )  i s  d e r i v e d  f r o m  ( A - 2 7 )  by using the  Bessel 
f u n c t i o n  i d e n t i t y  (13)  

( A - 3 3 )  

E q u a t i o n  ( A - 3 1 )  i s  d e r i v e d  th rough  a by-pa r t s  i n t e g r a t i o n  o f  
( A - 2 7 )  and t h e  a p p l i c a t i o n  o f  ( A - 3 0 ) .  Equa t ion  ( A - 3 2 )  i s  
d e r i v e d  th rough  b y - p a r t s  i n t e g r a t i o n  of ( A - 2 7 ) .  I n  t h e  develop-  
ment o f  ( A - 3 0 1 ,  ( A - 3 1 )  and (A-32) t h e  i n t e g r a l  i n  ( A - 2 7 )  i s  
r e s t r i c t e d  t o  [O,->;. T h i s  i s  p o s s i b l e  s i n c e  t h e  i n t e g r a n d  i n  
(A-27) i s  even when r+k i s  odd. 
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